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ABSTRACT: Owing to the indirect band gap nature, Ge exhibits poor
optical properties, limiting its usage for optical devices. However, since
the direct band gap of Ge is only higher by 0.14 eV than the indirect
band gap, band gap engineering has drawn much attention to realize
the direct band gap. Here, we report a strategy to design the direct
band gap in Ge/Sn core−shell nanowires (NWs), based on first-
principles calculations. For [111]-oriented NWs, we show that the
direct band gaps can be tuned by controlling the diameter and the core-
to-shell ratio. We find that the intrinsic strain induced by the lattice
mismatch between Ge and Sn drives an indirect-to-direct band gap
transition. Even for Ge/Sn core−shell NWs with intrinsically indirect
band gaps, the direct band gaps can be achieved by applying an external
tensile strain lower than the critical values for pure Ge NWs and bulk
Ge. The optical transitions of the direct band gaps are all dipole-
allowed, suggesting that [111]-oriented Ge/Sn core−shell NWs are promising for applications as light emitters.

1. INTRODUCTION

Semiconductor nanowires have attracted much attention
because they exhibit the electrical, optical, and magnetic
properties that are different from those of their bulk
counterparts due to the quantum confinement effect and the
large surface-to-volume ratio.1,2 In particular, germanium
nanowires (Ge NWs) have been extensively studied because
Ge offers the high hole mobility.3,4 A variety of potential
applications using Ge NWs have been reported, such as field-
effect transistor,5,6 photodetector,7 photoresistor,8 Li-ion
battery anode,9 ultraviolet dosimetry,10 and spintronic device.11

Moreover, Ge is considered as a potential light source in
photonic devices compatible with the current Si technol-
ogy.12−14 However, because large-sized Ge NWs and bulk Ge
have indirect band gaps,15,16 electron−hole pair recombination
can only take place with phonon assistance.
Despite the indirect band gap nature, Ge has the direct band

gap that only differs by 0.14 eV from the indirect band gap,
while the direct band gap is higher by about 2.3 eV than the
indirect band gap in Si.14 The small difference between the
indirect and direct band gaps promotes extensive studies on the
band structure engineering of Ge, such as through nano-
structuring,17,18 strain introduction,19−23 and alloying with
other group-IV elements.24−29 Zone-folding and quantum
confinement effects can induce direct band gaps for Ge NWs
without strain, which are oriented along the [100] and [110]
directions.15,16 However, their optical transitions at the
threshold energy are not improved due to the indirect gap
nature of bulk Ge. Previous theoretical studies reported that
strain can reduce the difference between the indirect and the

direct band gaps.19−23 In particular, biaxial tensile strain works
more effectively than uniaxial strain in deriving the indirect-to-
direct gap transition. In the case of uniaxial strain, the critical
strain was shown to be generally lower along the [111]
direction, while its theoretically predicted values range from
3.7% to 5.7%.20−23 Experimentally, the effect of biaxial tensile
strain was mostly studied for bulk Ge, with the induced strains
up to 2.33%.30−36 On the other hand, 5.7% uniaxial tensile
strain along the [100] axis was achieved in suspended Ge wires
on a Si substrate.37 For [111]-oriented Ge NWs, relatively low
uniaxial strains were induced, such as 1.48% uniaxial strain by
using silicon nitride stressor layers and 2.5% uniaxial strain by
using a micromechanical 3-point stress module.38,39 Recently, it
has been reported that GeSn alloy with the Sn content of about
12.6% has a direct band gap of 0.55 eV, permitting the
demonstration of lasing.29 Although the direct band gap can be
achieved by increasing the Sn concentration in GeSn alloys, the
band gap is much reduced because Sn has zero gap. On the
other hand, Ge NWs take advantage of the quantum
confinement effect which enhances the band gap size. Since
introducing Sn layers in the shell part of Ge NWs can induce
intrinsic tensile strain due to the large lattice mismatch between
Sn and Ge (aGe = 5.65 Å, aSn = 6.48 Å),40 it may overcome the
difficulty of accessing large strains during a microfabrication
process. Therefore, based on Ge/Sn core−shell structures, one
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may achieve tunable direct band gaps around 1 eV suitable for
optical applications.
In this work, we perform first-principles density functional

calculations to investigate the electronic and optical properties
of Ge/Sn core−shell nanowires oriented along the [111]
direction. We propose that the band gaps can be tuned by
controlling the wire diameter and the ratio of the Ge core and
the Sn shell. We find that the intrinsic strain induced by the
lattice mismatch between Ge and Sn drives an indirect-to-direct
band gap transition. For Ge/Sn core−shell NWs with
intrinsically indirect band gaps, we show that an external
tensile strain along the [111] direction can trigger an indirect-
to-direct band gap transition; however, the critical strain is
significantly reduced, as compared to pure Ge NWs with the
same core sizes. We examine the matrix element of direct
optical transition and find that all the direct band gaps are
dipole-allowed, suggesting that our proposed NWs can serve as
an efficient light emitter.

2. CALCULATION METHOD

Our first-principles calculations were performed by using the
local density approximation (LDA)41,42 for the exchange-
correlation potential within the density functional theory
framework and the projector augmented wave (PAW)
pseudopotentials,43,44 as implemented in the VASP code.45,46

The wave functions were expanded in plane waves up to a
kinetic energy cutoff of 250 eV, and a set of k-points along the
wire axis was generated by using the 1 × 1 × 8 Monkhorst−
Pack mesh for Brillouin zone (BZ) integration.47 Nanowire
structures were modeled by including a vacuum region in the
supercell geometry, in which adjacent wires were separated by
about 10 Å, ensuring for prohibiting wire−wire interactions,
and the wire surfaces were passivated with hydrogen. Both the
lattice parameters and the ionic coordinates were fully relaxed
until the residual forces were less than 0.04 eV/Å. For
optimized geometries, the nature of the band gaps (direct vs
indirect) was examined by using a dense k-point mesh. Since
the band gaps are underestimated by the LDA, we additionally
carried out the hybrid functional calculations to confirm the
band gap nature for selected nanowires, in which the HSE06
functional of Heyd, Scuseria, and Ernzerhof48,49 was used, with
the screening parameter of ω = 0.207 Å−1 and the mixing
parameter of α = 0.25.

3. RESULTS AND DISCUSSION

Bulk Ge has an indirect band gap with the valence band
maximum (VBM) and conduction band minimum (CBM)
states located at the Γb and Lb points, respectively, as illustrated
in Figure 1a (henceforth, the subscript b is referred to as the k-
points in the bulk BZ). The 4-fold-degenerate CBM states split
into a nondegenerate εs(Lb) state and 3-fold-degenerate εt(Lb)
states under uniaxial strain along the [111] direction. As strain
increases, εs(Lb) moves up, whereas εt(Lb) moves down with
respect to the VBM. On the other hand, the CBM energy at Γb
decreases faster than the εt(Lb) states under the strain. In the
absence of strain, experimentally, the difference (Δ) between
the conduction band energies at the Γb and Lb points is 0.141
eV at room temperature (RT) and 0.154 eV at 1.5 K.14,23 For
these measured values for Δ, we performed the HSE06
calculations with including the effects of normal compression
and internal strain. We find that the critical strains required for
the indirect-to-direct band gap transition are 3.8% and 4.1% at

RT and 1.5 K, respectively, in good agreement with the
previous HSE0623 and quasiparticle GW calculations.20

The band structure of [111]-oriented Ge NWs can be
understood in terms of the zone folding of the bulk BZ along
the [111] direction. The Lb point is projected onto the L point
on the boundary of the NW BZ, while the Γb and Xb points are
projected onto the center of the BZ (Γ point). Thus, the CBM
and VBM states of [111]-oriented Ge NWs will be located at
the L and Γ points, respectively. The LDA band structure of Ge
NW with the diameter of 10.86 Å is shown in Figure 1b. The
axial lattice constant is slightly shortened, as compared to bulk
Ge. Nevertheless, it is clear that Ge NW has an indirect band
gap in the absence of strain. By using the band-unfolding
method50−52 and analyzing the orbital characteristics, we
confirm that the VBM and CBM states of Ge NW are derived
from the Γb and Lb points, respectively. While two lowest
conduction band states at the Γ point are folded from the Γb
and Xb points, the conduction band derived from the Γb point is
higher than that derived from the Xb point, in contrast to bulk
Ge where the Xb point is higher in energy than the Γb point.
Here, we denote Ec(Γb), Ec(Lb), and Ec(Xb) for the conduction
band states of Ge NW, which are derived from the Γb, Lb, and
Xb points, respectively (Figure 1c). The variations of Ec(Γb),
Ec(Lb), and Ec(Xb) with uniaxial strain are shown in Figure 1b.

Figure 1. (a) A schematic band diagram of bulk Ge and (b) the LDA
band structures of the [111]-oriented Ge3 NW with the diameter of
10.86 Å under various uniaxial strains (ε) along the axial direction.
Green, blue, and black circles indicate the conduction band states of
Ge NW, Ec(Γb), Ec(Xb), and Ec(Lb), respectively. (c) The charge
distributions for the Ec(Γb), Ec(Xb), and Ec(Lb) states and their orbital
characteristics which represent the degree of contributions from the
Γb, Xb, and Lb points in the bulk BZ. (d) The variations of the Ec(Γb),
Ec(Lb), and Ec(Xb) states and the square of the dipole matrix element
of the direct transition at the Γ point under uniaxial strain along the
wire axis. Red and black vertical dashed lines represent the strains
where the Ec(Γb) state crosses with the Ec(Xb) and Ec(Lb) states,
respectively. (e) The results of the LDA and HSE06 calculations for
the critical strain (εc) at which an indirect-to-direct band gap transition
occurs in pure Ge NWs consisting of n Ge layers and bulk Ge.
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While all the states tend to decrease with increasing of strain,
the downward shift of Ec(Γb) is more significant (Figure 1d),
similar to bulk Ge.21,22 The Ec(Γb) state first crosses with the
Ec(Xb) state at 3.7% strain and then with the Ec(Lb) state at
5.2% strain, leading to an indirect-to-direct band gap transition.
We examined the optical transition by calculating the square of
the dipole matrix element of the direct transition at the Γ point,
|Mvc|

2 = |⟨φc
Γ|p ̂|φv

Γ⟩|2. We find that |Mvc|
2 is rapidly enhanced

when the band crossing between the Ec(Γb) and Ec(Xb) states
occurs (Figure 1d), indicating that the Ec(Γb) state allows for
the dipole transition.

Figure 1e shows the critical strain required for the indirect-
to-direct band gap transition in [111]-oriented Ge NWs with
the diameters of about 6.27−29.01 Å. For diameters up to
20.10 Å, the critical strain obtained from HSE06 are in the
range of 4.3−5.3%, close to the LDA results of 4.5−5.9%. For
the Ge NW with the diameter of 10.86 Å, the critical strain of
about 5.3% was reported,20 in good agreement with our LDA
calculations. It is noticeable that the critical strains in Ge NWs
are higher than the HSE06 result of 4.1% for bulk Ge. In the
nanowire, the energy difference between the Ec(Γb) and the
Ec(Lb) states is larger than that of bulk Ge because the Lb-valley
states split by the symmetry breaking. Consequently, a larger
tensile strain is required to drive the indirect-to-direct
transition.
For bulk Ge, tensile strain along the [100] direction also

drives an indirect-to-direct transition.22,23 However, for the
[100]-oriented Ge NW with the diameter of about 20.81 Å, the
indirect-to-direct transition does not take place under uniaxial
strain up to 10% (see Figure S1 in the Supporting
Information). On the other hand, the [110]-oriented Ge NW
with the diameter of about 21.88 Å has a direct band gap even
in the absence of strain. However, its optical transition at the
threshold energy is not dipole-allowed because the CBM state
has the Lb-like character. Moreover, since the VBM state shifts
away from the Γ point under uniaxial strain along the [110]

Table 1. Diameters and Band Gaps of Gen NWs and Gen/
Snm Core−Shell NWsa

LDA HSE06

nanowire dcore dtotal ED(Γ) EID(L) ED(Γ) EID(L) gap

Ge2 6.27 3.48 3.23 4.26 4.03 ID
Ge2/Sn1 6.85 12.14 1.91 1.93 2.42 2.51 D
Ge2/Sn2 7.01 17.52 1.01 1.24 1.36 1.68 D
Ge2/Sn3 6.87 22.73 0.42 0.66 D
Ge3 10.86 2.14 2.06 2.88 2.78 ID
Ge3/Sn1 11.52 16.74 1.37 1.34 1.88 1.87 ID
Ge3/Sn2 11.44 22.26 0.74 0.80 D
Ge3/Sn3 11.85 27.74 0.25 0.37 D
Ge4 15.50 1.59 1.50 2.27 2.16 ID
Ge4/Sn1 16.28 21.44 1.10 1.07 ID
Ge4/Sn2 16.34 27.12 0.59 0.64 D
Ge4/Sn3 16.38 32.48 0.10 0.22 D
Ge5 20.10 1.26 1.09 1.92 1.74 ID
Ge5/Sn1 20.80 26.05 0.89 0.75 ID
Ge5/Sn2 20.89 31.81 0.40 0.36 ID
Ge5/Sn3 21.09 37.51 0.05 0.06 D
Ge6 24.82 1.09 0.87 ID
Ge6/Sn1 25.36 30.81 0.76 0.64 ID

aHere, dcore and dtotal denote the core and total diameters in units of Å,
respectively, and ED(Γ) and EID(L) represent the direct (D) and
indirect (ID) band gaps in units of eV at the Γ and L points,
respectively, which were obtained from the LDA and HSE06
calculations.

Figure 2. LDA band structures of Ge3/Sn1, Ge3/Sn2, and Ge3/Sn3
core−shell NWs without external strain. Green, blue, and black circles
indicate the conduction band states, Ec(Γb), Ec(Xb), and Ec(Lb), which
have the Γb-, Xb-, and Lb-like characters of bulk Ge, respectively.

Figure 3. (a) The intrinsic tensile strains (ε), (b) the LDA band gaps
(Eg), and (c) the squares of the dipole matrix elements of the direct
transition at the Γ point (|Mvc|

2) in [111]-oriented Gen/Snm core−shell
NWs with n Ge layers in the core and m Sn layers in the shell. The
orange line in (a) represents the critical strains (εc) for the indirect-to-
direct transition in pure Ge NWs with the same Ge cores. Filled and
unfilled markers stand for the NW structures with the direct and
indirect band gaps, respectively.
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direction, the band gap changes from direct to indirect (see
Figure S2 in the Supporting Information).
We propose a different route to achieve direct band gap

nanowires by constructing Ge/Sn core−shell NWs with the
radial heterostructure. Since the lattice constant of Sn is larger
than that of Ge, the Sn shell induces tensile strain on the Ge
core. We considered [111]-oriented Gen/Snm core−shell NWs,
where the Ge core of n layers (n = 2−6) is wrapped with the Sn
shell of m layers (m = 1−3). The nanowire diameters range
from 12.14 to 37.51 Å (Table 1). For a given Ge core size, we
find a tendency that the indirect band gap turns to the direct
band gap as the shell thickness increases. To confirm that, the
band structures of Ge3/Snm core−shell NWs are compared with
those for tensile-strained Ge3 NWs with only the Ge core of
three layers. While the Ge3/Sn1 NW has the indirect band gap
of 1.34 eV, the direct band gaps of 0.74 and 0.25 eV occur for
the Ge3/Sn2 and Ge3/Sn3 NWs, respectively (Figure 2). For the
Ge3/Sn1, Ge3/Sn2, and Ge3/Sn3 NWs, the intrinsic strains are
estimated to be 4.9, 8.0, and 10.5%, respectively, when the
equilibrium lattice constant of the pure Ge3 NW is used as a
reference. The Ge3 NW exhibits the same tendency that the
indirect band gap decreases as strain increases up to 4.9%, and
it turns to the direct band gap for higher strains of 8.0% and
10.5% (Figure 1b). It is verified that Ge/Sn core−shell NWs
have direct band gaps when their intrinsic tensile strains are
larger than the critical values for Ge NWs with only the Ge
cores (Figure 1e and Figure 3a). In addition, we find that the
intrinsic tensile strain induced on the Ge core is inversely
proportional to the core size, whereas it is proportional to the
Sn shell thickness. For Ge/Sn core−shell NWs with large
diameters, which cannot be handled within the first-principles
LDA calculations, we estimate the intrinsic strain induced on

the Ge core by using a continuum elasticity theory53 (see
Figure S3 in the Supporting Information). For small-diameter
NWs, we find good agreements between the two different
calculations.
The band gap of Ge/Sn core−shell NWs can be tuned by

controlling the diameter and the core-to-shell ratio, as shown in
Figure 3b. As the Sn shell becomes thicker, the contribution of
the Sn orbitals to the band edge states is enhanced, resulting in
the reduction of the band gap because Sn has zero band gap.54

Moreover, since the thicker Sn shell increases the intrinsic
strain on the Ge core, the band gap is also reduced. On the
other hand, for a given shell thickness, the band gap increases as
the Ge core size decreases due to the stronger quantum
confinement effect. For Gen/Snm core−shell NWs with the
diameters of 12.14−37.51 Å (n = 2−6 and m = 1−3), all the
band structures are shown in Figure S4 in the Supporting
Information. The direct band gaps calculated by the LDA range
from 0.05 to 1.91 eV (Table 1). For selected NWs with the
diameters less than 18 Å, the band gaps increase by 27−40%
with the hybrid HSE06 functional, exhibiting the largest band
gap of 2.42 eV for n = 2 and m = 1. The variable direct band
gaps of about 1 eV will be suitable for applications including
optical communications. Experiments have reported the
synthesis of Ge NWs with the diameters of about 3 nm.55

For the pure Ge7 NW with the diameter of about 3 nm, the
indirect-to-direct transition takes place at about 6.3% strain and
the band gap is estimated to be about 1 eV at the critical strain
(see Figure S5 in the Supporting Information). According to
the continuum elasticity model (see Figure S3 in the
Supporting Information), the Sn shell of about 1 nm thickness
(m ∼ 4) is required to induce the intrinsic strain of 6.3% on the
Ge7 core. With including a band gap correction for the pure

Figure 4. (left) The charge distributions of the valence band maximum (VBM) and the conduction band edge states at the Γ and L points, Ec(Γb)
and Ec(Lb), along the radial direction and (right) their spatial distributions over the wire cross section in (a) Ge3/Sn1, (b) Ge3/Sn2, and (c) Ge3/Sn3
core−shell NWs. Blue, purple, and white backgrounds in the left panel correspond to the Ge core, Sn shell, and vacuum regions, respectively.
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Ge7 NW, we expect that the band gaps of Ge7/Snm core−shell
NWs with m = 0−4 lie in the range of 0.3−1.3 eV (see Table S2
and Figure S6 in the Supporting Information).
The dipole allowedness of the direct transition at the Γ point

is examined by calculating the square of the dipole matrix
element |Mvc|

2. For Ge/Sn core−shell NWs with direct band
gaps, the squared dipole matrix elements were calculated to be
0.11−0.22 a0−2 in atomic units (Figure 3c), where a0 is the Bohr
radius. These values are much higher than 0.03 a0

−2 obtained for
a specially designed Si/Ge superstructure,18 while they are
slightly lower than that of GaAs (0.31 a0

−2).56 When the core
size is fixed, the squared dipole matrix elements tend to
decrease as the shell thickness increases. To understand this
trend, we examined the charge distributions of the energy states
near the band gap for Ge3/Sn1, Ge3/Sn2, and Ge3/Sn3 NWs
(Figure 4). We find that the Ec(Γb) and Ec(Lb) states are mainly
distributed over the Ge core, regardless of the shell size. On the
other hand, as the Sn shell becomes thicker, the charge
distribution of the VBM state extends to the shell region, while
the CBM state maintains the localization in the core region.
Thus, the overlap between the VBM and CBM states decreases,
reducing the optical transition probability. We note that Ge/Sn
core−shell NWs with thin Sn shells exhibit the band alignment
of type-I, although bulk Sn has the metallic band structure. The
type-I band alignment is attributed to the nonzero band gap of
the Sn shell, which results from the strong quantum
confinement effect, similar to pure Sn NWs (see Table S2 in
the Supporting Information).

We investigate the effect of external tensile strain on the
indirect-to-direct transition in Ge/Sn core−shell NWs with
indirect band gaps. If the Sn shell consists of only one layer,
Gen/Sn1 core−shell NWs have intrinsically indirect band gaps
for n ≥ 3 (Table 1). We find that the external critical strain is
significantly reduced in Ge/Sn core−shell NWs, compared with
pure Ge NWs. For example, the LDA critical strain is estimated
to be 0.7% for the Ge3/Sn1 core−shell NW (Figure 5a,b), while
it is about 5.2% in the pure Ge3 NW with the same core size
(Figure 1e). Moreover, external strain also slightly improves the
optical transition in Ge/Sn core−shell NWs, as shown in Figure
5c. When 0.7% tensile strain is applied to the Ge3/Sn1 core−
shell NW, the square of the dipole matrix element for the direct
transition at the Γ point increases from 0.24 to 0.27 a0

−2. Similar
strain effects are found for Gen/Sn1 core−shell NWs with n ≥
4. However, the critical strain tends to increase as the core size
increases, as shown in Figure 5b, while its values are generally
lower than those for pure Ge NWs and bulk Ge.
Finally, we discuss the possible synthesis of Ge/Sn core−

shell NWs. We compare the formation energy of the Ge4/Sn2
core−shell NW with those of GeSn alloy NWs with the same
Sn content. We generate five GeSn alloy NWs, in which the Ge
and Sn atoms are randomly distributed, whereas the outermost
shells are composed of the Sn atoms to avoid the formation of
different Ge−H and Sn−H bonds on the wire surface (see
Figure S7 in the Supporting Information). We find that the
average energy of the GeSn alloy NWs is lower by about 40
meV per Sn atom than that of the core−shell NW. On the
other hand, an isolated Sn atom is energetically more favorable
near the surface in pure Ge NWs due to the local strain effect.
Moreover, the activation enthalpy for the diffusion of Sn in Ge
is around 3 eV.57 Considering the small energy difference
between the core−shell and alloy NWs, we do not rule out the
possibility that the Ge/Sn core−shell structure can be
synthesized by a controlled epitaxial growth of the Sn shell
on the Ge NW, similar to other core−shell or multishell
nanowires.58 Our results are also supported by recent
experiments reported that uniaxial tensile strain can be achieved
in Ge/GeSn multishells grown on a one-dimensional Si pillar or
cavity, leading to the indirect-to-direct gap transition of Ge.59

4. CONCLUSIONS

In conclusion, we have shown that the dipole-allowed direct
band gaps can be achieved by wrapping [111]-oriented Ge
NWs with Sn layers in the form of core−shell NWs with the
radial heterostructure, without applying an external strain. The
band gaps can be tuned by controlling the diameter and the
core-to-shell ratio. The indirect-to-direct band gap transition is
attributed to the intrinsic tensile strain induced by the lattice
mismatch between the Ge core and the Sn shell. Due to the
band crossing between the bulk Γb- and Lb-derived states, the
optical transitions of the direct band gaps are all dipole-allowed.
For Ge/Sn core−shell NWs with intrinsically indirect band
gaps, an external strain can be used to induce the indirect-to-
direct transition; however, the critical values are much lower
than those for bulk Ge and pure Ge NWs with the same core
sizes. The dipole allowedness of the direct band gaps suggests
that [111]-oriented Ge/Sn core−shell NWs can serve as
potential candidate materials for light emitters.

Figure 5. (a) The variation of the LDA band structure of the Ge3/Sn1
core−shell NW under external tensile strain (ε). The indirect-to-direct
band gap transition occurs at 0.7% strain. (b) The external critical
strains (εc) for the indirect-to-direct band gap transition in Gen/Sn1
and Gen/Sn2 core−shell NWs from the LDA and HSE06 calculations.
External strain is defined with respect to the equilibrium lattice
constants of Ge/Sn core−shell NWs. (c) Squares of dipole matrix
element for the direct transition at the Γ point as a function of external
strain. Filled and empty symbols in (c) denote the direct and indirect
band gaps, respectively, and arrows indicate the critical strains where
the indirect-to-direct gap transition occurs.
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